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POLARIZED ENDOMORPHISMS OF COMPLEX NORMAL
VARIETIES
NOBORU NAKAYAMA AND DE-QI ZHANG
Abstract. It is shown that a complex normal projective variety has non-positive Ko-
daira dimension if it admits a non-isomorphic quasi-polarized endomorphism. The geo-
metric structure of the variety is described by methods of equivariant lifting and fibra-
tions.
1. Introduction
We work over the complex number field C. Much progress has been recently made in
the study of endomorphisms of smooth projective varieties from the algebro-geometric
viewpoint. Especially, the following cases of varieties are well studied: projective surfaces
([35], [13]), homogeneous manifolds ([40], [9]), Fano manifolds ([1], [3], [20]), projective
bundles ([2]), and projective threefolds with non-negative Kodaira dimension ([12], [14]).
Additionally, e´tale endomorphisms are investigated in [39] from the viewpoint of the
birational classification of algebraic varieties. However, there is neither a classification of
endomorphisms of singular varieties even when they are of dimension two (except for [38]),
nor any reasonably fine classification of non-e´tale endomorphisms of smooth threefolds,
which are then necessarily uniruled.
Let V be a normal projective variety of dimension n. An endomorphism f : V → V
is called polarized if there is an ample divisor H such that f ∗H is linearly equivalent to
qH (f ∗H ∼ qH) for a positive number q. In this case, f is a finite surjective morphism,
q is an integer, and deg f = qn (cf. Lemma 2.1 below). A surjective endomorphism of a
variety of Picard number one is always polarized. Polarized endomorphisms of smooth
projective varieties are studied in papers [11] and [45]. In the present article, we shall
study the polarized endomorphisms of normal projective varieties (not only smooth ones).
The following Theorems 1.1 and 1.3 are our main results.
Theorem 1.1. Let f : X → X be a non-isomorphic polarized endomorphism of a normal
projective variety X. Then there exist a finite morphism τ : V → X from a normal
projective variety V , a dominant rational map π : V ···→A× S for an abelian variety A
2000 Mathematics Subject Classification. 14J10, 14E20, 32H50.
Key words and phrases. endomorphism, Calabi-Yau variety, rationally connected variety.
1
2and a weak Calabi–Yau variety S (cf. Definition 2.9 below), and polarized endomorphisms
fV : V → V , fA : A→ A and fS : S → S satisfying the following conditions :
(1) τ ◦ fV = f ◦ τ , π ◦ fV = (fA × fS) ◦ π, i.e., the diagram below is commutative:
A× S π←−··· V τ−→ X
fA×fS
y fV
y f
y
A× S π←−··· V τ−→ X.
(2) τ is e´tale in codimension one.
(3) If X is not uniruled, then the Kodaira dimension κ(X) = 0 and π is an isomor-
phism.
(4) If X is uniruled, then, for the graph Γπ ⊂ V ×A×S of π, the projection Γπ → A×S
is an equi-dimensional morphism birational to the maximal rationally connected
fibration (MRC fibration in the sense of [29], cf. [7], [17]) of a smooth model of V .
(5) If dimS > 0, then dimS ≥ 4 and S contains a non-quotient singular point.
In case X is smooth and κ(X) ≥ 0, Theorem 1.1 with S being a point is proved in
[11], Theorem 4.2. For uniruled X , there is a discussion related to Theorem 1.1 on en-
domorphisms and maximal rationally connected fibrations in [45], Section 2.2, especially
in Proposition 2.2.4 (cf. Remark 4.2 below). We expect that dimS = 0 for the variety S
in Theorem 1.1. To be precise, we propose:
Conjecture 1.2. A non-uniruled normal projective variety admitting a non-isomorphic
polarized endomorphism is Q-abelian (cf. Definition 2.13 below), i.e., there is a finite
surjective morphism e´tale in codimension one from an abelian variety onto the variety.
The conjecture has been proved affirmatively in [11], Theorem 4.2, for the case of
smooth varieties with non-negative Kodaira dimension. In Theorem 3.4 below, we confirm
the conjecture for a non-uniruled variety X such that dimX ≤ 3 or that X has only
quotient singularities.
Applying Theorem 1.1 and more, we have the following classification result, where
q♮(X, f) denotes the supremum of irregularities q(X˜ ′) of a smooth model X˜ ′ of X ′ for all
the finite coverings τ : X ′ → X e´tale in codimension one and admitting an endomorphism
f ′ : X ′ → X ′ with τ ◦ f ′ = f ◦ τ ; we also define a similar notion q♮(X) (independent of
f) so that q♮(X, f) ≤ q♮(X) in general, with equality holds when X is non-uniruled (cf.
Definition 2.6, Proposition 3.5, Theorem 3.2); see also Lemmas 4.5 and 2.8.
Theorem 1.3. Let f : X → X be a non-isomorphic polarized endomorphism of a normal
projective variety X of dimension n. Then κ(X) ≤ 0 and q♮(X, f) ≤ n. Furthermore, X
is described as follows :
3(1) Assume that q♮(X, f) = 0. If n ≤ 3, or more generally, if Conjecture 1.2 is true
for varieties of dimension at most n, then X is rationally connected.
(2) q♮(X, f) = n if and only if X is Q-abelian (cf. Definition 2.13 below).
(3) Assume that q♮(X, f) ≥ n− 3, or more generally, that Conjecture 1.2 is true for
varieties of dimension at most n − q♮(X, f). Then there exist a finite covering
τ : V → X e´tale in codimension one, a birational morphism ρ : Z → V of normal
projective varieties, and a flat surjective morphism ̟ : Z → A onto an abelian
variety A of dimension q♮(X, f), and polarized endomorphisms fV : V → V ,
fZ : Z → Z, fA : A→ A such that
• every fiber of ̟ is irreducible, normal, and rationally connected,
• τ ◦ fV = f ◦ τ , ρ ◦ fZ = fV ◦ ρ, and ̟ ◦ fZ = fA ◦̟, i.e., the diagram below
is commutative:
A
̟←−−− Z ρ−−−→ V τ−−−→ X
fA
y fZ
y fV
y f
y
A
̟←−−− Z ρ−−−→ V τ−−−→ X.
Moreover, the fundamental group π1(X) has a finite-index subgroup which is a
finitely generated abelian group of rank at most 2q♮(X, f).
(4) If q♮(X, f) = n−1, then there is a finite covering τ : V → X e´tale in codimension
one from a normal projective variety V admitting an endomorphism fV : V → V
with τ ◦ fV = f ◦ τ such that one of the following conditions is satisfied :
(a) V is a P1-bundle over an abelian variety.
(b) There exist a P1-bundle Z over an abelian variety and a birational morphism
Z → V whose exceptional locus is a section of the P1-bundle.
Notation and Conventions. The readers may refer to the standard references such as
[25] and [28] for things related to the birational classification theory of algebraic vari-
eties and the minimal model theory of projective varieties, e.g., log-terminal singularity,
canonical singularity, etc.
For a normal variety X , the canonical divisor, denoted by KX , is defined as the natural
extension of the canonical divisor of the smooth locus of X . Details on a relation between
the canonical divisor and the dualizing sheaf ωX and details on Weil divisors on normal
varieties are explained in [41], Appendix to §1. The notion of canonical singularity is
introduced in the same paper [41].
The Kodaira dimension κ(M) of a smooth projective varietyM is a birational invariant.
The Kodaira dimension κ(X) of a singular projective variety X is defined as the Kodaira
dimension κ(M) of a smooth model M of X , i.e., a smooth projective varietyM birational
to X .
4The linear equivalence relation of divisors is denoted by the symbol ∼, the Q-linear
equivalence relation by ∼Q, and the numerical equivalence relation by ∼∼.
For a projective variety Z, the singular locus is denoted by SingZ and the smooth locus
Z \ SingZ by Zreg.
Let f : Z ′ → Z be a finite surjective morphism of normal varieties. We denote by Rf the
ramification divisor of f , which is just the natural extension of the ramification divisor of
the restriction Z ′reg∩f−1(Zreg)→ Zreg of f , where the closed subset Z ′ \ (Z ′reg∩f−1(Zreg))
has codimension at least two; in other words, for a prime divisor Γ on Z ′, multΓ(Rf) =
m− 1 if and only if multΓ (f ∗(f(Γ))) = m, where multΓ(D) denotes the multiplicity of a
divisor D along Γ. As usual, we have the ramification formula: KZ′ = f
∗(KZ)+Rf . The
finite surjective morphism is called e´tale in codimension one if Rf = 0 or equivalently if
f is e´tale over Z \ Σ for a closed subset Σ with codim(Σ) ≥ 2.
Remark 1.4. If Z is smooth and if Σ is a closed subset with codim(Σ) ≥ 2, then the
natural homomorphism π1(Z \ Σ) → π1(Z) of the fundamental groups is isomorphic.
This property implies the birational invariance of the fundamental group of a smooth
projective variety. Moreover, the same property implies that if Z is smooth and if Z ′ → Z
is a finite surjective morphism e´tale in codimension one from a normal variety Z ′, then,
it is actually e´tale. Therefore, for an arbitrary normal variety V , a finite surjective
morphism V ′ → V e´tale in codimension one from a normal variety V ′ is determined
uniquely up to isomorphism over V by a finite index subgroup of π1(Vreg).
The irregularity q(X) of a normal projective variety X is defined as dimH1(X,OX).
In Definition 2.6 below, we define q◦(X) to be the supremum of q(X ′) for all the normal
projective varieties X ′ with finite surjective morphisms X ′ → X e´tale in codimension
one. More variants of the irregularity q(X) are defined in Definition 2.6.
A normal projective variety Y with only canonical singularities is called a weak Calabi–
Yau variety if KY ∼ 0 and q◦(Y ) = 0 (cf. Definition 2.9 below and its remark).
A normal projective varietyW is called Q-abelian if there is a finite surjective morphism
A→W e´tale in codimension one from an abelian variety A (cf. Definition 2.13 below and
its remark). A similar notion “Q-torus” is introduced in [34], which is a Ka¨hler version
and is restricted to e´tale coverings.
An endomorphism f : X → X is called polarized (resp. quasi-polarized) if f ∗H ∼ qH
for an ample divisor (resp. a nef and big divisor) H for some positive integer q (cf.
Lemma 2.1 below).
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2. Some basic properties
A surjective endomorphism of a normal projective variety is a finite morphism by the
same argument as in [12], Lemma 2.3. In fact, such an endomorphism f : X → X induces
an automorphism f ∗ : N1(X)→ N1(X) of the real vector space N1(X) := NS(X)⊗R for
the Ne´ron–Severi group NS(X), so the pullback of an ample divisor is ample, which
implies the finiteness of f .
Lemma 2.1. Let f : X → X be an endomorphism of an n-dimensional normal projective
variety X such that f ∗H ∼∼ qH for a positive number q and for a nef and big divisor
H. Then q is a positive integer and deg f = qn. Moreover, the absolute value of any
eigenvalue of f ∗ : N1(X)→ N1(X) is q.
Proof. Comparing the self-intersection numbers (f ∗H)n and Hn, we have deg f = qn. In
particular, q is an algebraic integer. Since the numerical equivalence classes of f ∗H and
H in N1(X) belong to the image of Ne´ron–Severi group NS(X), q is a rational number.
Hence, q is an integer. Let λ be the spectral radius of f ∗ : N1(X) → N1(X), i.e., the
maximum of the absolute values of eigenvalues of f ∗. Then there is a nef R-Cartier R-
divisor D such that D 6∼∼ 0 and f ∗D ∼∼ λD, by a version of the Perron–Frobenius theorem
(cf. [5]). Suppose that λ 6= q. Then DHn−1 = 0 by the equalities
λqn−1DHn−1 = f ∗D(f ∗H)n−1 = (deg f)DHn−1 = qnDHn−1.
Thus, D ∼∼ 0 by Lemma 2.2 below. This is a contradiction. Therefore, λ = q. For the
spectral radius λ′ of (f ∗)−1, λ′−1 is the minimum of the absolute values of eigenvalues of
f ∗. By the same version of the Perron–Frobenius theorem, we also have a nef R-Cartier
R-divisor D′ such that D′ 6∼∼ 0 and f ∗D′ = λ′−1D′. Then, λ′ = q−1 by the same reason
as above. Hence, the absolute value of any eigenvalue of f ∗ is q. 
Corollary. The degree of a quasi-polarized endomorphism of a normal projective variety
of dimension n is the n-th power qn of a positive integer q.
The lemma below is regarded as a generalization of a part of the Hodge index theorem
and it is used in the proofs of Lemma 2.1 and Theorem 3.2.
Lemma 2.2. Let X be a smooth projective variety of dimension n ≥ 2. Suppose that an
R-divisor D satisfies the following two conditions :
6(1) DGL1 . . . Ln−2 ≥ 0 for any effective R-divisor G and for any nef R-divisors L1,
. . . , Ln−2.
(2) DH1H2 · · ·Hn−1 = 0 for some nef and big R-divisors H1, . . . , Hn−1.
Then D is numerically trivial.
Proof. Let A be an ample divisor on X . Then, there exist a rational number a and an
effective R-divisor E such that aH1 ∼∼ E + A, since H1 is big. Thus,
0 ≤ DAH2 . . . Hn−1 = −DEH2 . . .Hn−1 ≤ 0
by (1) and (2). Hence, we may assume H1 = A. Applying the same argument to Hi for
i ≥ 2, we have DAn−1 = 0. Hence, D2An−2 ≤ 0 in which the equality holds if and only if
D ∼∼ 0, by the hard Lefschetz theorem. Thus, it suffices to show: D2An−2 ≥ 0. There is
a positive integer b such that D+ bA is ample. In particular, D+ bA ∼∼ ∆ for an effective
R-divisor ∆. Hence, we have D2An−2 ≥ 0 by (1), since
0 ≤ D∆An−2 = D(D + bA)An−2 = D2An−2. 
The endomorphism in Lemma 2.1 is shown to be quasi-polarized by the following:
Lemma 2.3. Let f : X → X be an endomorphism of an n-dimensional normal projective
variety X such that f ∗H ∼∼ qH for a positive number q and for a nef and big divisor H.
Then the following assertions hold :
(1) The absolute value of any eigenvalue of f ∗ : H1(X,OX)→ H1(X,OX) is √q.
(2) There is a nef and big divisor H ′ such that H ′ ∼∼ H and f ∗H ′ ∼Q qH ′.
In particular, f is quasi-polarized by H ′.
Proof. (1): There exist birational morphisms µ : M → X and ν : Z → X from smooth
projective varieties M and Z, and a generically finite surjective morphism h : Z → M
such that µ ◦ h = f ◦ ν. We may assume that the birational map ψ := µ−1 ◦ ν : Z → M
is holomorphic. Then, we have a commutative diagram:
H1(X,OX) f
∗−−−→ H1(X,OX) H1(X,OX)
µ∗
y ν∗
y µ∗
y
H1(M,OM) h
∗−−−→ H1(Z,OZ) ψ
∗←−−−
≃
H1(M,OM).
Let φ(x) be the image of x ∈ H1(X,OX) by the composition
H1(X,OX) µ
∗−→ H1(M,OM) ≃−→ H0,1(M) ⊂ H1(M,C),
where H0,1(M) is the (0, 1)-part of the Hodge decomposition of H1(M,C). Then, for
x ∈ H1(X,OX), we have ψ∗φ(f ∗(x)) = h∗φ(x) by the diagram above. We consider the
7following Hermitian form on H1(X,OX):
〈x, y〉 = −√−1
∫
M
φ(x) ∪ φ(y) ∪ (µ∗c1(H))n−1 ∈ C.
This is positive definite by Lemma 2.4 below applied to L = µ∗(H). We have the equality
〈f ∗(x), f ∗(y)〉 = q〈x, y〉
for x, y ∈ H1(X,OX) by the calculation
(deg h)〈x, y〉 = −√−1
∫
Z
h∗(φ(x)) ∪ h∗(φ(y)) ∪ (h∗µ∗c1(H))n−1
= −√−1
∫
Z
ψ∗φ(f ∗(x)) ∪ ψ∗φ(f ∗(y)) ∪ (ν∗f ∗c1(H))n−1
= −√−1
∫
M
φ(f ∗(x)) ∪ φ(f ∗(y)) ∪ (µ∗f ∗c1(H))n−1
= qn−1〈f ∗(x), f ∗(y)〉,
where deg h = deg f = qn. Therefore, q−1/2f ∗ is a unitary transformation with respect
to 〈 , 〉. Thus, the absolute value of any eigenvalue of q−1/2f ∗ is 1.
(2): Let m be the order of c1(f
∗H − qH) in H2(X,Z). By the exponential exact
sequence
H1(X,OX) ǫ−→ H1(X,O⋆X)→ H2(X,Z)
we can find an element x ∈ H1(X,OX) with OX(m(f ∗H − qH)) = mǫ(x). There is an
element y ∈ H1(X,OX) such that f ∗(y)− qy = x by (1). Let H ′ be a divisor such that
OX(H −H ′) = ǫ(y). Then m(f ∗H ′ − qH ′) ∼ 0. Thus, we are done. 
Remark. The proof of Lemma 2.3 is similar to that of [45], Theorem 1.1.2, where X is
assumed to be smooth.
In the proof of Lemma 2.3, we used the result below:
Lemma 2.4. Let M be an n-dimensional smooth projective variety and L a nef and big
divisor. Then the Hermitian form 〈 , 〉 on H0,1(M) defined by
〈ξ, η〉 = −√−1
∫
M
ξ ∪ η ∪ c1(L)n−1
is positive definite.
Proof. We may assume that n ≥ 2, since it is well-known to be positive definite in case
n = 1. If L is ample, then the bilinear form is positive definite by the hard Lefschetz
theorem. Thus, the bilinear form is positive semi-definite even if we replace L with a nef
divisor. Let W be a prime divisor of M . Then
−√−1
∫
M
ξ ∪ ξ ∪ c1(L)n−2 ∪ c1(W )
8is non-negative for any ξ ∈ H0,1(M). In fact, it is equal to
−√−1
∫
W˜
ϕ∗(ξ) ∪ ϕ∗(ξ) ∪ c1(ϕ∗L)n−2
for a resolution of singularities ϕ : W˜ → W , and it is non-negative by the reason above.
There exist a positive integer m, a smooth ample divisor A, and an effective divisor
E =
∑
eiEi such that mL ∼ A+ E. Then
m〈ξ, ξ〉 = −√−1
∫
M
ξ ∪ ξ ∪mc1(L)n−1
= −√−1
∫
A
ξ|A ∪ ξ|A ∪ c1(L|A)n−2 +
∑
ei(−
√−1)
∫
Ei
ξ|Ei ∪ ξ|Ei ∪ c1(L|Ei)n−2.
Hence, if 〈ξ, ξ〉 = 0, then
−√−1
∫
A
ξ|A ∪ ξ|A ∪ c1(L|A)n−2 = 0.
Since L|A is nef and big, we can consider the induction on dimM . Then, we have ξ|A = 0
as an element of H0,1(A) by induction. Therefore, ξ = 0, since H1(M,OM (−A)) = 0 by
the Kodaira vanishing theorem for n ≥ 2 and hence H1(M,OM )→ H1(A,OA) is injective.
Thus, we are done. 
We borrow the following property of Galois closures of powers fk = f ◦ · · · ◦ f from
[38]:
Lemma 2.5. Let f : X → X be a non-isomorphic surjective endomorphism of a normal
projective variety X. Let θk : Vk → X be the Galois closure of fk : X → X for k ≥ 1 and
let τk : Vk → X be the induced finite Galois covering such that θk = fk ◦ τk. Then
there exist finite Galois morphisms gk, hk : Vk+1 → Vk such that τk ◦ gk = τk+1 and
τk ◦ hk = f ◦ τk+1.
Proof. The composite fk ◦ τk+1 : Vk+1 → X → X is Galois, since so is fk+1 ◦ τk+1 = θk+1.
Hence, fk ◦ τk+1 factors through the Galois closure θk of fk. Thus, τk+1 = τk ◦ gk for
a morphism gk : Vk+1 → Vk. Let Hi be the Galois group of f i ◦ τk+1 : Vk+1 → X for
0 ≤ i ≤ k + 1. Then Vk is regarded as the Galois closure of Vk+1/H1 → Vk+1/Hk+1, thus
Vk ≃ Vk+1/H for the maximal normal subgroup H of Hk+1 contained in H1. Hence, we
have a morphism hk : Vk+1 → Vk with τk ◦ hk = f ◦ τk+1. 
Definition 2.6. Let X be a normal projective variety. The irregularity q(X) is defined
as dimH1(X,OX). We define the following variants of q(X):
(1) q˜(X) := q(X˜) for a smooth model X˜ of X (This is well-defined).
9(2) q◦(X) (resp. q♮(X) ) is defined to be the supremum of q(X ′) (resp. q˜(X ′) ) for a
normal projective variety X ′ with a finite surjective morphism τ : X ′ → X e´tale
in codimension one. Namely,
q◦(X) := sup{q(X ′) | X ′ → X is finite, surjective, and e´tale in codimension one},
q♮(X) := sup{q˜(X ′) | X ′ → X is finite, surjective, and e´tale in codimension one}.
(3) Suppose that X admits a surjective endomorphism f : X → X . Then we define
q◦(X, f) (resp. q♮(X, f) ) to be the supremum of q(X ′) (resp. q˜(X ′) ) for a nor-
mal projective variety X ′ with a finite surjective morphism τ : X ′ → X e´tale in
codimension one and with an endomorphism f ′ : X ′ → X ′ such that τ ◦f ′ = f ◦τ .
Remark. If X is a smooth projective variety, then q◦(X) equals qmax(X) defined in [39].
Remark 2.7. Let τ : X ′ → X be a finite surjective morphism of normal varieties e´tale in
codimension one. Then:
(1) X has only log-terminal singularities if and only if so does X ′.
(2) If X has only canonical singularities, then so does X ′.
These well-known properties are derived from [41], Proposition (1.7) and [22], Proposi-
tion 1.7, as follows. The assertion (1) is proved just by the same argument as in the proof
of [22], Proposition 1.7. If we replace the logarithmic ramification formula in the proof
with the usual ramification formula, then we can prove (2); this was already done in [41],
Proposition (1.7), (I). Another proof of these properties is found in [28], Proposition 5.20,
but it is essentially the same as above.
Lemma 2.8. Let X be a normal projective variety with only log-terminal singularities.
Then q◦(X) = q♮(X). If f is a surjective endomorphism of X, then q◦(X) ≥ q◦(X, f) =
q♮(X, f).
Proof. If X ′ is a normal variety with a finite covering X ′ → X e´tale in codimension
one, then X ′ is also log-terminal (cf. Remark 2.7). In particular, X ′ has only rational
singularities, and hence q(X ′) = q˜(X ′). Thus, q◦(X) = q♮(X). Considering the special
case where X ′ admits an endomorphism compatible with f , we have q◦(X, f) = q♮(X, f).
We also have q◦(X) ≥ q◦(X, f) by definition. 
Definition 2.9. A normal projective variety Y with only canonical singularities is called
a weak Calabi–Yau variety if KY ∼ 0 and q◦(Y ) = 0.
Remark. The notion of weak Calabi–Yau variety is slightly different from that in [39]
in which only finite e´tale coverings were taken into consideration. A weak Calabi–Yau
variety has dimension at least two. A two-dimensional weak Calabi–Yau variety is nothing
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but a normal projective surface such that the minimal resolution of singularities is a K3
surface and that there is no finite surjective morphism from any abelian surface.
Proposition 2.10. Let X be a normal projective variety with only log-terminal singular-
ities such that KX ∼Q 0. Then:
(1) q◦(X) ≤ dimX. In particular, there is a finite Galois covering X ′ → X e´tale in
codimension one such that q(X ′) = q◦(X).
(2) q(X) = dimX if and only if X is an abelian variety.
(3) There exists a finite covering A×S → X e´tale in codimension one for an abelian
variety A of dimension q◦(X) and a weak Calabi–Yau variety S.
Proof. Let r be the smallest positive integer such that rKX ∼ 0. Then, there is a
cyclic covering X̂ → X of degree r e´tale in codimension one from a normal projective
variety X̂ such that K
X̂
∼ 0. The covering is unique up to isomorphism over X and
is called the global index-one covering (or the canonical cover in [22]). Then, X̂ has
only canonical singularities by [22], Proposition 1.7. Let Y → X̂ be a finite covering
e´tale in codimension one from a normal projective variety Y . Then, KY ∼ 0 and Y
has only canonical singularities by [41], Proposition (1.7). Let α : Y → A := Alb(Y )
be the Albanese map; this is holomorphic, since Y has only rational singularities (cf.
[23], Lemma 8.1). Then, α is an e´tale fiber bundle by [23], Theorem 8.3, i.e., there is
a finite e´tale covering A′ → A from an abelian variety A′ such that Y ×A A′ ≃ F × A′
over A′ for a fiber F of α. In particular, q(Y ) = dimA ≤ dimX . As a consequence,
we have q◦(X) ≤ dimX , since any finite covering X ′ → X e´tale in codimension one is
dominated by such a variety Y . By the boundedness of q◦(X), we have a finite covering
X ′ → X e´tale in codimension one such that q◦(X) = q(X ′). The Galois closure X ′′ → X
of X ′ → X is also e´tale in codimension one and q◦(X) = q(X ′) ≤ q(X ′′) ≤ q◦(X). Thus,
(1) has been proved.
In order to prove the other assertions (2) and (3), we may assume that q◦(X) = q(Y )
and that the composite Y → X̂ → X is Galois. Let G be the Galois group of Y → X .
Assume that q(X) = dimX . Then, q(X) = q(Y ) = dimY and α : Y → A is an
isomorphism. Since the natural pullback homomorphism H1(X,OX) → H1(Y,OY ) is an
isomorphism, the action of G on H1(Y,OY ) is trivial. Therefore, every element of G acts
on A as a translation. Hence, the quotient variety X ≃ G\A is also an abelian variety.
Conversely, if X is an abelian variety, then q(X) = dimX . Thus, (2) has been proved.
We shall prove the remaining assertion (3): If q◦(X) = dimX , then Y is an abelian
variety by the argument above. Thus, we may assume that q◦(X) < dimX . Then the
fiber F of α is positive-dimensional and has only canonical singularities with KF ∼ 0.
If q◦(F ) > 0, then applying the same argument above to F , we have a finite covering
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A0 × F0 → F e´tale in codimension one for a positive-dimensional abelian variety A0 and
a normal projective variety F0. Thus, we have a finite covering A
′ × A0 × F0 → X e´tale
in codimension one and a contradiction by
q◦(X) = q(Y ) = dimA′ < dimA′ + dimA0 ≤ q(A′ × A0 × F0) ≤ q◦(X).
Therefore, F is a weak Calabi–Yau variety. Hence, the covering F × A′ ≃ Y ×A A′ →
Y → X satisfies the required condition of (3). Thus, we are done. 
Corollary 2.11. Let S be a weak Calabi–Yau variety and A an abelian variety. Then
q◦(A× S) = dimA.
Proof. We have q◦(A×S) ≥ q(A×S) = q(A)+ q(S) = dimA. Assume that q◦(A×S) >
dimA. By Proposition 2.10, there is a finite surjective morphism τ : A′ × S ′ → A × S
e´tale in codimension one for an abelian variety A′ of dimension q◦(A × S) and a weak
Calabi–Yau variety S ′. Since the first projections p1 : A×S → A and p′1 : A′×S ′ → A′ are
the Albanese maps, we have a surjective morphism ϕ : A′ → A such that p1 ◦ τ = ϕ ◦ p′1.
Let B be a connected component of the fiber ϕ−1(P ) for a general point P ∈ A. Then,
B is a positive-dimensional abelian variety. By restricting τ , we have a finite covering
B × S ′ → {P} × S e´tale in codimension one. This contradicts that q◦(S) = 0. Thus,
q◦(A× S) = dimA. 
We have the following variant of [39], Proposition 4.3, which treats only e´tale coverings
and varieties with only canonical singularities:
Lemma 2.12. Let V be a normal projective variety with only log-terminal singularities
such that KV ∼Q 0. Then there exists a finite morphism τ : V ∼ → V satisfying the
following conditions, uniquely up to isomorphism over V :
(1) τ is e´tale in codimension one.
(2) q◦(V ) = q(V ∼).
(3) τ is Galois.
(4) If τ ′ : V ′ → V satisfies the conditions (1), (2), then there exists a finite surjective
morphism σ : V ′ → V ∼ e´tale in codimension one such that τ ′ = τ ◦ σ.
We call τ the Albanese closure of V in codimension one.
Proof. The same argument as in the proof of [39], Proposition 4.3 works as follows: We
may assume that q◦(V ) > 0. There is a Galois covering W → V e´tale in codimension
one with q(W ) = q◦(V ) by Proposition 2.10, (1). Then KW ∼Q 0 and W has only log-
terminal singularities (cf. Remark 2.7). Let W → Alb(W ) be the Albanese map of W
and Gal(W/V ) the Galois group of W → V . Then we have a natural homomorphism
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Gal(W/V ) → Aut(H1(Alb(W ),Z)). Let G0 be the kernel and let W0 be the quotient
variety G0\W of W by the action of G0. Then q(W0) = q(W ), since the quotient variety
of Alb(W ) by G0 is an abelian variety, as in the proof of Proposition 2.10. Therefore, the
Galois covering W0 → V satisfies the conditions (1)–(3). Let W ′ → V be an arbitrary
covering satisfying the conditions (1) and (2). Then there exist finite morphismsW ′′ →W
andW ′′ → W ′ over V such that the compositeW ′′ → V is Galois and e´tale in codimension
one. Thus, W ′′0 ≃W0 for the quotient varietyW ′′0 forW ′′ obtained by the same procedure
as in defining W0 from W , and there is a morphism W
′ →W0 over V . Hence, V ∼ := W0
satisfies all the required conditions (1)–(4), and V ∼ → V is unique up to non-canonical
isomorphism over V . 
Definition 2.13. A normal projective variety W is called Q-abelian if there are an
abelian variety A and a finite surjective morphism A→ W which is e´tale in codimension
one.
Remark. By Proposition 2.10, a Q-abelian variety is characterized as a normal projective
variety X with only log-terminal singularities such that KX ∼Q 0 and q◦(X) = dimX .
The Albanese closure of a Q-abelian variety is abelian, by Proposition 2.10, (2).
A surjective endomorphism of the direct product of certain varieties is split. The
following gives an example:
Lemma 2.14. Let A be an abelian variety and S a normal projective variety with only
rational singularities. Suppose that q(S) = 0 and that S is not uniruled. Let f : S×A→
S × A be a surjective morphism. Then f = fS × fA for suitable endomorphisms fS and
fA of S and A, respectively.
Proof. By the universality of the Albanese map, f induces a surjective endomorphism fA
of A = Alb(S × A). We can write the endomorphism f as S × A ∋ (s, a) 7→ f(s, a) =
(ρa(s), fA(a)), where ρ : A→ Sur(S), a 7→ ρa, is a morphism into
Sur(S) := {g : S → S | g is a surjective morphism}.
By [19], Theorem 3.1, the compact subvariety Im(ρ) is contained in the orbit of some
fS ∈ Sur(S) by the action of Aut0(S). For a smooth model S ′ of S, the birational
automorphism group Bir(S ′) contains Aut0(S) as a subgroup. By [18], Theorem (2.1),
Bir(S ′) is a disjoint union of abelian varieties of dimension equal to q(S ′) = q(S) = 0.
Thus Im(ρ) consists of a single element, say {fS}. Then f = fS × fA. 
13
3. The non-uniruled case
In this section, we shall study non-isomorphic quasi-polarized endomorphisms of non-
uniruled normal projective varieties. The following gives examples of such polarized
endomorphisms:
Example 3.1. Let A be an abelian variety of dimension n ≥ 2 and let H be a symmetric
ample divisor, i.e., H is ample and ι∗H ∼ H for the involution ι : x 7→ −x. Then the
multiplication map µm : A ∋ x 7→ mx = x+ · · ·+ x ∈ A by an integer m 6= 0 is polarized
by H as µ∗mH ∼ m2H (cf. [33], Chapter II, § 6, Corollary 3). Let X = A/ι be the
quotient variety by the involution ι. Then µm descends to a polarized endomorphism fm
of X of degree deg µm = m
2n. If n = 2, then X has only 16 rational double points of
type A1 as singularities and its minimal resolution of singularities is a K3 surface, called
the Kummer surface of A; in particular, fm for m > 1 is not nearly e´tale in the sense of
[39], Definition 3.2 (cf. [39], Example 3.14). If n ≥ 3, then X has only 22n terminal cyclic
quotient singular points of type 1
2
(1, 1, . . . , 1) as singularities, and 2KX ∼ 0. Thus, X is
not uniruled and fm is a non-isomorphic polarized endomorphism for m > 1.
In the examples above, X has only canonical singularities and KX ∼Q 0. These
properties hold in general by the following fundamental result:
Theorem 3.2. Let f : V → V be a surjective endomorphism of a normal projective
variety V and let H be a nef and big Cartier divisor on V such that f ∗H ∼ qH for a
positive integer q > 1. Suppose that V is not uniruled. Then, there exist a projective
birational morphism σ : V → X onto a normal projective variety X, an endomorphism
fX of X, and an ample divisor A on X such that
(1) X has only canonical singularities with KX ∼Q 0,
(2) f ∗XA ∼ qA,
(3) fX ◦ σ = σ ◦ f ,
(4) H ∼ σ∗A, and
(5) fX is e´tale in codimension one.
In particular, if H is ample, then V has only canonical singularities, KV ∼Q 0, and f is
e´tale in codimension one.
Proof. We may assume that V is of dimension n ≥ 2. Taking intersection numbers
with (f ∗(H))n−1 = f ∗(H) · · ·f ∗(H) of the both sides of the ramification formula: KV =
f ∗(KV ) +Rf , we obtain
(q− 1)KVHn−1 +RfHn−1 = 0.
14
Thus, KVH
n−1 ≤ 0. Let µ : Y → V be a birational morphism from a smooth projective
variety Y . Since Y is not uniruled, KY (µ
∗H)n−1 ≥ 0 by [31]. Thus, KY (µ∗H)n−1 =
KVH
n−1 = RfH
n−1 = 0. Moreover, KY is pseudo-effective by [6] (cf. [30], §11.4.C). Thus,
we have the σ-decomposition KY = Pσ(KY ) + Nσ(KY ) in the sense of [36]: Nσ(KY ) is
an effective R-divisor determined by the following property: Pσ(KY ) = KY −Nσ(KY ) is
movable, and if B is an effective R-divisor such thatKY−B is movable, thenNσ(KY ) ≤ B.
Here, an R-divisor D is called movable if: for any ε > 0, any ample divisor H ′ and any
prime divisor Γ, there is an effective R-divisor ∆ such that ∆ ∼∼ D+εH ′ and Γ 6⊂ Supp∆
(cf. [36], Chapter III, §1.b). In particular, Pσ(KY ) satisfies the condition (1) of Lemma 2.2.
Furthermore,
0 ≤ Pσ(KY )(µ∗H)n−1 = (KY −Nσ(KY ))(µ∗H)n−1 = −Nσ(KY )(µ∗H)n−1 ≤ 0.
Therefore, Pσ(KY ) ∼∼ 0 and KY ∼∼ Nσ(KY ) by Lemma 2.2. This implies that the numeri-
cal Kodaira dimension κσ(Y ) of Y in the sense of [36], Chapter V, is zero. Namely, for any
ample divisor H ′ on Y , the function m 7→ dimH0(Y,OY (mKY +H ′)) is bounded (cf. [36],
Chapter V, Corollary 1.12). By Theorem 4.8 of [36], Chapter V, which is the abundance
theorem for κσ = 0, we have κ(Y ) = 0. In particular, KY ∼Q E for an effective Q-divisor
E such that E(µ∗H)n−1 = 0. Therefore, KY + µ
∗H has a Zariski-decomposition whose
negative part is E and whose positive part is Q-linearly equivalent to µ∗H by [36], Chap-
ter III, Proposition 3.7, i.e., Nσ(KY + µ
∗H) = E, and Pσ(KY + µ
∗H) = µ∗H is nef. The
Zariski-decomposition above in the sense of [36] coincides with the Zariski-decomposition
in the sense of Cutkosky–Kawamata–Moriwaki ([10], [24], [32]) or that of Fujita [15], since
the divisor KY + µ
∗H is big (cf. [36], Chapter III, Remark 1.17). Thus, the positive part
Pσ(KY + µ
∗H) = µ∗H is semi-ample, and furthermore, Bs |mµ∗H| = ∅ for m ≫ 0, by a
version of the base point free theorem (cf. [15], (A.5); [24], Theorem 1; [32], Theorem 0).
In particular, Bs |mH| = ∅ for m ≫ 0. Let σ : V → X be the birational morphism onto
a normal projective variety X defined by the free linear system |mH| for m ≫ 0. Then
H ∼ σ∗A for an ample divisor A on X . Since (µ∗E)Hn−1 = RfHn−1 = 0, µ∗E and Rf
are σ-exceptional. Therefore, KX = σ∗(KV ) ∼Q σ∗(µ∗(E)) = 0 and X has only canonical
singularities, since KY − µ∗σ∗(KX) = E ≥ 0. By considering the Stein factorization of
the composite σ ◦f : V → X , we have an endomorphism fX of X such that fX ◦σ = σ ◦f
and f ∗XA ∼ qA. Moreover, RfX = σ∗(Rf ) = 0. Hence, fX is e´tale in codimension one.
The last assertion follows immediately, since σ is isomorphic if H is ample. Thus, we are
done. 
The following gives a sufficient condition for a normal projective variety admitting
polarized endomorphisms to be Q-abelian (cf. Definition 2.13):
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Theorem 3.3. Let f : X → X be a non-isomorphic polarized endomorphism of an n-
dimensional normal projective variety X. Assume that f is e´tale in codimension one and
that, for any point P ∈ SingX, there is a connected analytic open neighborhood U of
P such that the algebraic fundamental group πalg1 (Ureg) is finite. Then X is a Q-abelian
variety.
Proof. For a positive integer k, let θk : Vk → X be the Galois closure of fk, and let τk, θk,
gk, and hk be as in Lemma 2.5, which are all e´tale in codimension one (cf. Remark 1.4).
Then, gk and hk are both e´tale for k ≫ 0 by the claim below applied to the cases
(αk, γk) = (θk, hk) and (αk, γk) = (τk, gk).
Claim. For the X above, let αk : Vk → X be finite Galois coverings and let γk : Vk+1 →
Vk be finite surjective morphisms defined for k ≥ 1 such that αk and γk are e´tale in
codimension one and αk+1 = αk ◦ γk for k ≥ 1. Then, γk is e´tale for k ≫ 0.
Proof. For a point P ∈ SingX , let U ⊂ X be a connected analytic open neighborhood
such that πalg1 (Ureg) is finite. For a point Q ∈ α−1k (P ), let V (depending on Q and k) be
the connected component of α−1k (U) containing Q. We set
Π(U ; k) := πalg1 (V \ α−1k (SingX)).
Note that Π(U ; k) = πalg1 (Vreg) by Remark 1.4. Since αk is Galois, Π(U ; k) is inde-
pendent of the choice of Q ∈ α−1k (P ) and is a normal subgroup of πalg1 (Ureg). By the
finiteness assumption of πalg1 (Ureg), we have a positive integer kP such that the injection
γk∗ : Π(U ; k + 1) → Π(U ; k) is isomorphic for any k ≥ kP . As a consequence, we infer
that γk : Vk+1 → Vk is e´tale along α−1k+1(P ) for any k ≥ kP . Since SingX is compact, we
can find a positive integer k0 such that γk : Vk+1 → Vk is e´tale for any k ≥ k0. 
Proof of Theorem 3.3 continued. We fix a large positive integer k such that gk and hk are
both e´tale. We shall show that Vk is smooth. Assume the contrary that Sing Vk 6= ∅. We
set d := dimSing Vk. Then 0 ≤ d ≤ n−2. Since g−1k (Sing Vk) = h−1k (Sing Vk) = Sing Vk+1,
the mapping degrees of gk : Sing Vk+1 → Sing Vk and hk : Sing Vk+1 → Sing Vk are deg gk
and deg hk, respectively. Then d > 0; otherwise, we have a contradiction by ♯ Sing Vk+1 =
(deg gk)♯ Sing Vk = (deg hk)♯ Sing Vk and deg hk > deg gk. Let A be an ample divisor on
X such that f ∗A ∼ qA for an integer q > 1. We set Al to be the ample divisor τ ∗l A for
any l ≥ 1. Then g∗kAk ∼ Ak+1 and h∗kAk ∼ qAk+1. Hence, we have the equalities
(Sing Vk+1)A
d
k+1 = (Sing Vk+1)g
∗
k(Ak)
d = (deg gk)(Sing Vk)A
d
k
= q−d(Sing Vk+1)h
∗
k(Ak)
d = q−d(deg hk)(Sing Vk)A
d
k
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of intersection numbers. Thus, (Sing Vk)A
d
k = 0 by deg hk = (deg f)(deg gk) = q
n deg gk
and d < n; this is absurd, since Ak is ample. Consequently, Vk is smooth. Since gk,
hk : Vk+1 → Vk are e´tale morphisms with deg hk > deg gk, we have
c1(Vk)A
n−1
k = c1(Vk)
2An−2k = c2(Vk)A
n−2
k = 0
by a similar calculation of intersection numbers as above. Then c1(Vk) is numerically
trivial by the hard Lefschetz theorem. Moreover, the vanishing of c2(Vk)A
n−2
k implies
that an e´tale covering of Vk is an abelian variety by [44] (cf. [4]). Therefore, X is a
Q-abelian variety. 
Remark. An argument on the Galois closure in the proof of Theorem 3.3 is borrowed
from [38]. A result of Campana [8], Corollary 6.3, gives another proof of Theorem 3.3 in
the case where KX ∼Q 0 and X has only quotient singularities.
Applying Theorems 3.2 and 3.3, we have the following partial answer to Conjecture 1.2.
Theorem 3.4. Let X be a non-uniruled normal projective variety such that dimX ≤
3 or that X has only quotient singularities. If X admits a non-isomorphic polarized
endomorphism, then X is Q-abelian.
Proof. By Theorem 3.3, it is enough to show that any singular point has a connected
analytic open neighborhood U such that πalg1 (Ureg) is finite. If X has only quotient
singularities, then this is true. We know that X has only canonical singularities by
Theorem 3.2. If dimX ≤ 2, then X has only quotient singularities. If dimX = 3, then
the finiteness of πalg1 (Ureg) is proved in [42], Theorem 3.6. Thus, we are done. 
Even though Conjecture 1.2 is still open, we have the following:
Proposition 3.5. Let X be a normal projective variety and f : X → X a polarized
endomorphism of X such that deg f = qdimX for an integer q ≥ 1. Assume that X
has only log-terminal singularities and KX ∼Q 0. Then there exist a finite covering
τ : A×S → X e´tale in codimension one for an abelian variety A and a weak Calabi–Yau
variety S, and polarized endomorphisms fA : A → A, fS : S → S such that deg fA =
qdimA, deg fS = q
dimS, and τ ◦ (fA × fS) = f ◦ τ :
A× S fA×fS−−−−→ A× S
τ
y τ
y
X
f−−−→ X.
In particular, q◦(X) = q♮(X) = q◦(X, f) = q♮(X, f) = q(A) = dimA.
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Proof. By Lemma 2.1 and its corollary, there is an ample divisor H on X such that
f ∗(H) ∼ qH .
Step 1. Reduction to the case where X has only canonical singularities with KX ∼ 0:
Let ν : X̂ → X be the global index-one cover, i.e., the minimal cyclic covering satisfying
K
X̂
∼ 0 (cf. the proof of Proposition 2.10). Then X̂ has only canonical singularities
by [22], Proposition 1.7. By the uniqueness of the global index-one cover, there is an
endomorphism fˆ : X̂ → X̂ such that ν ◦ fˆ = f ◦ ν. This is shown as follows: For
the normalization X♭ of the fiber product X̂ ×X X of ν and f over X , let p♭1 : X♭ →
X̂ and p♭2 : X
♭ → X be the morphisms induced from the first and second projections,
respectively. Then, the restriction X♭i → X̂ of p♭1 to any connected component X♭i of
X♭ is finite and surjective, since so is f . Thus, pulling back a nowhere vanishing section
of O
X̂
(K
X̂
), we have a holomorphic section of OX♭(KX♭), which is not zero on each
connected component of X♭. On the other hand, p♭2 is e´tale in codimension one, since
so is ν. Hence, KX♭ ∼ 0. Noting that deg p♭2 = deg ν and by the minimality and the
uniqueness of the global-index one covering, we infer that X♭ is irreducible and that
p♭2 : X
♭ → X is isomorphic to the global index-one covering ν : X̂ → X over X . Thus, p♭1
produces an endomorphism fˆ : X̂ → X̂ satisfying ν ◦ fˆ = f ◦ ν. Then, fˆ is a polarized
endomorphism with fˆ ∗(ν∗(H)) ∼ qν∗(H), since f ∗(H) ∼ qH . Therefore, we may assume
thatX has only canonical singularities withKX ∼ 0 by replacing (X, f) with (X̂, fˆ). Note
that the replacement does not affect the last equalities of Proposition 3.5 by Lemma 2.8.
Step 2. Reduction to the case where q◦(X) = q(X): Let λ : X∼ → X be the Albanese
closure of X in codimension one defined in Lemma 2.12. By the uniqueness of λ, X∼
admits an endomorphism f˜ such that λ ◦ f˜ = f ◦ λ. This is shown as follows: For
the normalization X♯ of the fiber product X∼ ×X X of λ and f , let p♯1 : X♯ → X∼ and
p♯2 : X
♯ → X be the morphisms induced from the first and second projections, respectively.
Then the restriction X♯i → X∼ of the morphism p♯1 to any connected component X♯i of
X♯ is a finite surjective morphism, since so is f . Thus, q(X♯i ) ≥ q(X∼) = q◦(X). On
the other hand, p♯2 is e´tale in codimension one, since so is X
∼ → X . By Lemma 2.12,
the restriction X♯i → X of p♯2 to X♯i factors through λ : X∼ → X . Thus, deg(X♯i /X) ≥
deg(X∼/X). Since deg(X∼/X) = deg(X♯/X) =
∑
i deg(X
♯
i /X), we infer that X
♯ is
irreducible and p♯2 : X
♯ → X is isomorphic to the Albanese closure λ : X∼ → X in
codimension one over X . Thus, p♯1 : X
♯ → X∼ produces an endomorphism f˜ : X∼ → X∼
satisfying λ ◦ f˜ = f ◦λ. Then, f˜ is a polarized endomorphism with f˜ ∗(λ∗(H)) ∼ qλ∗(H),
since f ∗(H) ∼ qH . Therefore, we may assume that q◦(X) = q(X) by replacing (X, f)
with (X∼, f˜). Note again that the replacement does not affect the last equalities of
Proposition 3.5 by Lemma 2.8.
18
Step 3. The final step: We may assume that X has only canonical singularities,
KX ∼ 0, and q◦(X) = q(X), by the previous steps. If q(X) = 0, then X is weak Calabi–
Yau, and Proposition 3.5 holds in this case. Thus, we may assume that q(X) > 0. Let
α : X → A := Alb(X) be the Albanese map. Then, there is an endomorphism f ′A : A→ A
such that α ◦ f = f ′A ◦ α by the universality of the Albanese map. By [23], Theorem 8.3,
we can find an e´tale covering θ : T → A such that X ×A T ≃ S × T over T for a fiber
S of α. Here, S is weak Calabi–Yau by the definition of q◦(X). Taking a further e´tale
covering, we may assume that T ≃ A and θ : T → A is just the multiplication map by a
positive integer m for a certain group structure of A. There is an endomorphism fA of
A such that θ ◦ fA = f ′A ◦ θ by [39], Lemma 4.9. Let W be the fiber product X ×A A of
α : X → A and θ : A→ A over A, and let ϕ : W → X be the finite e´tale covering induced
from the first projection. Then W ≃ S×A over A as above, and f×fA : X×A→ X×A
induces an endomorphism fW of W ⊂ X × A such that ϕ ◦ fW = f ◦ ϕ. In particular,
fW is a polarized endomorphism with f
∗
W (ϕ
∗(H)) ∼ qϕ∗(H) for the ample divisor ϕ∗(H).
We have an endomorphism fS : S → S such that fW = fS × fA by Lemma 2.14. Then,
fS and fA are polarized endomorphisms with deg fA = q
dimA and deg fS = q
dimS by [37],
Proposition 4.17. It remains to show the last equalities. We have q♮(X) = q◦(X) ≥
q♮(X, f) = q◦(X, f) by Lemma 2.8, and q◦(A× S) = q(A) = dimA by Corollary 2.11. In
view of the covering A× S → X e´tale in codimension one, we have
q(A) ≤ q◦(A× S, fA × fS) = q◦(X, f) ≤ q◦(X) = q◦(A× S) = q(A).
Thus, the expected equalities also hold. 
Theorem 1.1 for non-uniruled X is a consequence of Theorems 3.2 and 3.4, and Propo-
sition 3.5.
4. The proof of Theorems 1.1 and 1.3
The following result gives a descent property of polarized endomorphisms by maximal
rationally connected fibrations, which is proved in [37], Section 4.3.
Lemma 4.1 ([37], Corollary 4.20). Let f : X → X be a quasi-polarized endomorphism of
a normal projective variety X. Suppose that X is uniruled. Then there exist a birational
morphism σ : W → X, an equi-dimensional surjective morphism p : W → Y , and quasi-
polarized endomorphisms fW : W →W , fY : Y → Y satisfying the following conditions :
(1) W and Y are normal projective varieties, and dimY < dimX.
(2) Y is not uniruled if dimY > 0.
(3) A general fiber of p is rationally connected.
(4) deg fY = (deg f)
dimY/dimX .
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(5) σ ◦ fW = f ◦ σ and p ◦ fW = fY ◦ p, i.e., the diagram below is commutative:
Y
p←−−− W σ−−−→ X
fY
y fW
y f
y
Y
p←−−− W σ−−−→ X.
(6) If f is polarized, then both fW and fY are polarized.
An outline of the proof of Lemma 4.1 is as follows: We take a dominant rational map
X ···→Y which is birational to the maximal rationally connected fibration X˜ ···→ Y˜
(cf. [7], [29], [17]) of a smooth model X˜ of X . It is determined uniquely up to birational
equivalence by the property that Y is not uniruled (when dim Y > 0) and a general ‘fiber’
of X ···→Y is rationally connected. Among the choices of the rational maps X ···→Y ,
we can select a unique one up to isomorphism by the following two properties:
• The graph ΓX/Y of X ···→Y is equi-dimensional over Y .
• If ν : Y ′ ···→Y is a birational map from another normal projective variety Y ′
such that the graph ΓX/Y ′ of the composite X ···→Y ν
−1···→Y ′ of rational maps is
equi-dimensional over Y ′, then ν is holomorphic.
The existence and the uniqueness of X ···→Y is proved in [37], Proposition 4.14 (cf. [37],
Theorem 4.18). The proof uses the notion of intersection sheaves, which we do not explain
here. The variety W is just the normalization of ΓX/Y . The endomorphism f descends to
an endomorphism fY of Y by [37], Theorem 4.19. If f is polarized (resp. quasi-polarized)
then so is fY by [37], Corollary 4.20; more precisely, if f
∗(H) ∼ qH for an ample (resp.
a nef and big) divisor H on X , where q = (deg f)1/dimX , then f ∗Y (HY ) ∼ qHY for an
ample (resp. a nef and big) divisor HY on Y . The proofs of two assertions also use the
notion of intersection sheaves. The endomorphism fW of W is induced from f × fY .
Since f ∗(H) ∼ qH , we have f ∗W (HW ) ∼ qHW for the ample (resp. nef and big) divisor
HW = σ
∗(H) + p∗(HY ) for the induced morphisms σ : W → X and p : W → Y . Thus,
fW is also polarized (resp. quasi-polarized).
Remark 4.2. The same assertion as in Lemma 4.1 for polarized endomorphisms is stated
in [45], Proposition 2.2.4. However, the argument there is valid only when the maximal
rationally connected fibration is flat, which is not a priori available. The study of inter-
section sheaves in [37] renders the flatness requirement redundant, and consequently the
expected assertion is proved in [37], Section 4.3.
Remark 4.3. In the situation of Lemma 4.1, assume that deg f > 1. Then, there exist
a birational morphism Y → Y ′ onto a normal projective variety Y ′ with only canonical
singularities such that KY ′ ∼Q 0 and a polarized endomorphism fY ′ : Y ′ → Y ′ compatible
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with fY by Theorem 3.2. Applying [11], Theorem 5.1 to fY ′, we infer that the set Y of
periodic points of fY is Zariski dense in Y . Here, y ∈ Y if and only if f rY (y) = y for
a positive integer r = r(y). Thus, if y ∈ Y is general, then a multiple of f induces a
non-isomorphic quasi-polarized endomorphism of the rationally connected variety p−1(y).
Hence the study of quasi-polarized endomorphisms on uniruled varieties is reduced, to
some extent, to that on rationally connected varieties.
Lemma 4.4. In the situation of Lemma 4.1, assume that f is polarized. Let θ : Y ′ → Y
be a finite covering e´tale in codimension one from a normal variety Y ′ and let fY ′ : Y
′ →
Y ′ be a polarized endomorphism such that θ ◦ fY ′ = fY ◦ θ. Then there exist normal pro-
jective varieties X ′, W ′, finite coverings τ : X ′ → X and δ : W ′ → W both e´tale in codi-
mension one, a birational morphism σ′ : W ′ → X ′, a fibration p′ : W ′ → Y ′ whose general
fiber is rationally connected, and polarized endomorphisms f ′ : X ′ → X ′, fW ′ : W ′ → W ′
such that τ ◦ f ′ = f ◦ τ , σ′ ◦ fW ′ = f ′ ◦ σ′, δ ◦ fW ′ = fW ◦ δ, and p′ ◦ fW ′ = fY ′ ◦ p′;
hence, the diagram below is commutative and all the varieties admit mutually compatible
polarized endomorphisms :
Y ′
p′←−−− W ′ σ′−−−→ X ′
θ
y δ
y τ
y
Y
p←−−− W σ−−−→ X.
In particular, σ′, p′, fW ′, and fY ′ satisfy the same conditions as in Lemma 4.1 for
f ′ : X ′ → X ′.
Proof. LetW ′ be the normalization ofW×Y Y ′. Let δ : W ′ →W and p′ : W ′ → Y ′ be the
morphisms induced from the first and second projections, respectively. Then, a general
fiber of p′ is also a rationally connected variety. In particular, W ′ is connected; thus W ′
is a normal projective variety. Since p is equi-dimensional, p′ is also equi-dimensional and
the finite morphism δ : W ′ → W is e´tale in codimension one. As the Stein factorization of
the composite σ ◦ δ : W ′ →W → X , we have a birational morphism σ′ : W ′ → X ′ and a
finite morphism τ : X ′ → X for a normal projective variety X ′ such that τ ◦σ′ = σ◦δ. Let
U ⊂ X be the domain of σ−1 : X ···→W . Then, codim(X \ U) ≥ 2, and the restriction
τ−1(U)→ U of τ is e´tale in codimension one, since so is δ. Therefore, τ : X ′ → X is e´tale
in codimension one.
A polarized endomorphism fW ′ : W
′ → W ′ is induced from fW × fY ′ of W × Y ′. It
satisfies δ ◦ fW ′ = fW ◦ δ and p′ ◦ fW ′ = fY ′ ◦ p′. Moreover, we have relations
(τ ◦ σ′) ◦ fW ′ = (σ ◦ δ) ◦ fW ′ = σ ◦ fW ◦ δ = f ◦ (σ ◦ δ) = f ◦ (τ ◦ σ′).
Thus, the Stein factorization of (τ ◦σ′)◦fW ′ : W ′ → X is given by the birational morphism
σ′ : W ′ → X ′ and the finite morphism f ◦ τ : X ′ → X . Since τ is finite, the Stein
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factorization of σ′◦fW ′ : W ′ → X ′ is also given by the same birational morphism σ′ : W ′ →
X ′. Therefore, we have an endomorphism f ′ : X ′ → X ′ such that σ′ ◦ fW ′ = f ′ ◦ σ′. We
have also τ ◦f ′ = f ◦τ by the surjectivity of σ′ and by the relation (τ ◦σ′)◦fW ′ = f ◦(τ ◦σ′)
above. The endomorphism f ′ is polarized by the pullback of an ample divisor on X
polarizing f . Thus, we are done. 
Lemma 4.5. In the situation of Lemma 4.1, assume that f is non-isomorphic and
polarized. Then:
(1) Y has only canonical singularities with KY ∼Q 0.
(2) q(X) ≤ q˜(X) = q(Y ) ≤ q◦(Y ) = q◦(Y, fY ) = q♮(Y, fY ) ≤ dimY and q♮(Y, fY ) ≤
q♮(X, f).
(3) The homomorphism p∗ : π1(W )→ π1(Y ) of the fundamental groups is isomorphic
and σ∗ : π1(W )→ π1(X) is surjective.
Proof. The assertion (1) follows from Theorem 3.2 and Lemma 4.1. In particular, q(Y ) ≤
q◦(Y ) = q◦(Y, fY ) = q
♮(Y, fY ) ≤ dimY by Proposition 3.5. We can take birational
morphisms µW : W˜ → W and µY : Y˜ → Y from smooth projective varieties W˜ and Y˜ ,
respectively, such that the induced rational map p˜ : W˜ → Y˜ is holomorphic and smooth
over the complement of a normal crossing divisor on Y˜ . Then, q(W˜ ) ≥ q(W ) ≥ q(X)
by the injections σ∗ : H1(X,OX) → H1(W,OW ) and µ∗W : H1(W,OW ) → H1(W˜ ,OW˜ ).
On the other hand, q(Y˜ ) = q˜(Y ) = q(Y ), since Y has only rational singularities. We
have R1 p˜∗OW˜ = 0 by Kolla´r’s torsion free theorem [26], since a general fiber of p˜ is
rationally connected. Hence, q(W˜ ) = q(Y˜ ), consequently, q(Y ) = q˜(X) ≥ q(X). For
the proof of (2), it remains to show the inequality: q◦(Y, fY ) ≤ q♮(X, f). We can take a
normal projective variety Y ′, a finite covering θ : Y ′ → Y e´tale in codimension one, and
an endomorphism fY ′ : Y
′ → Y ′ such that θ ◦ fY ′ = fY ◦ θ and q(Y ′) = q◦(Y, fY ). By
Lemma 4.4, we have a normal projective variety X ′, a finite covering τ : X ′ → X e´tale
in codimension one, and an endomorphism f ′ : X ′ → X ′ such that τ ◦ f ′ = f ◦ τ and fY ′
is obtained from f ′ as in Lemma 4.1. Hence, q♮(X, f) ≥ q˜(X ′) = q(Y ′) by the argument
above. Thus, the assertion (2) has been proved.
Next, we shall prove (3). Let U ⊂ X be a Zariski open dense subset of X such
that µ−1W σ
−1(U) ≃ σ−1(U) ≃ U for the birational morphisms σ and µW . Note that the
homomorphism π1(U)→ π1(X) associated with the open immersion U →֒ X is surjective,
since X is normal. Similarly, π1(σ
−1(U)) → π1(W ) and π1(µ−1W σ−1(U)) → π1(W˜ ) are
surjective. Thus, µW∗ : π1(W˜ )→ π1(W ) and σ∗ : π1(W )→ π1(X) are surjective. On the
other hand, by [43], µY ∗ : π1(Y˜ )→ π1(Y ) is an isomorphism, since Y has only canonical
singularities. Moreover, p˜∗ : π1(W˜ )→ π1(Y˜ ) is an isomorphism, by [27], Theorem 5.2 (cf.
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[39], Lemma 5.3). Hence, π1(W˜ ) ≃ π1(W ) ≃ π1(Y˜ ) ≃ π1(Y ). Thus the assertion (3) has
been proved. 
Corollary 4.6. Let X be an n-dimensional normal projective variety admitting a non-
isomorphic polarized endomorphism f : X → X. Then:
(1) The inequality q♮(X, f) ≤ n holds, in which the equality holds if and only if X is
Q-abelian.
(2) If Conjecture 1.2 is true for the varieties of dimension at most n− q♮(X, f), then
π1(X) contains a finite-index subgroup which is a finitely generated abelian group
of rank at most 2q♮(X, f).
Proof. (1): Suppose that X is not uniruled. Then, X has only canonical singularities and
KX ∼Q 0 by Theorem 3.2. Hence, q♮(X, f) ≤ n in which the equality holds if and only ifX
is Q-abelian, by Proposition 3.5. Therefore, we have only to show q♮(X, f) < n assuming
that X is uniruled. By replacing X with a finite covering X̂ → X e´tale in codimension
one and by replacing f with an endomorphism of X̂ compatible with the original f , we
may assume that q♮(X, f) = q˜(X). Then, for the morphisms σ : W → X and p : W → Y
in Lemma 4.1, we have q˜(X) = q(Y ) ≤ dimY < dimX = n by Lemma 4.5, (2). Thus,
the assertion (1) has been proved.
(2): Let τˆ : X̂ → X be a finite covering e´tale in codimension one from a normal
projective variety X̂ and fˆ : X̂ → X̂ an endomorphism such that τˆ ◦ fˆ = f ◦ τˆ . Then,
τ∗ : π1(τˆ
−1(Xreg)) → π1(Xreg) is injective and its image is a finite-index subgroup (cf.
Remark 1.4). Since the natural inclusion Xreg →֒ X induces a surjection π1(Xreg) →
π1(X), the image of τ∗ : π1(X̂) → π1(X) is also a finite-index subgroup. Thus, we may
replace (X, f) with (X̂, fˆ). Therefore, we can assume that q♮(X, f) = q˜(X). Let q be the
positive integer defined by qn = deg f .
Assume first that X is not uniruled. Then, X has only canonical singularities and
KX ∼Q 0 by Theorem 3.2. By Proposition 3.5, we may assume that X = A × S and
f = fA × fS for an abelian variety A, a weak Calabi–Yau variety S, and polarized
endomorphisms fA : A → A and fS : S → S with deg fA = qdimA and deg fS = qdimS,
respectively. Since dimS = n − dimA = n − q♮(X, f), we infer that S is a point by our
assumption on Conjecture 1.2. Thus, n = q♮(X, f), X = A, and π1(X) is a free abelian
group of rank 2n = 2q♮(X, f). Therefore, the assertion (2) is true when X is not uniruled.
Assume next that X is uniruled. Let σ : W → X and p : W → Y be as in Lemma 4.1.
Then, we have a surjection π1(Y ) → π1(X) by Lemma 4.5, (3). In particular, if Y
is a point, then π1(X) is trivial. Thus, we may assume that dimY > 0. Then, Y is
not uniruled and it admits a polarized endomorphism fY : Y → Y of degree qdimY > 1
by Lemma 4.1. We have q♮(Y, fY ) = q
◦(Y, fY ) = q˜(X) = q
♮(X, f) by Lemma 4.5, (2).
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Since dim Y − q♮(Y, fY ) < n − q♮(X, f), we can apply the previous argument to the
non-uniruled variety Y . Thus, π1(Y ) contains a finite-index subgroup which is a finitely
generated abelian group of rank at most 2q♮(Y, fY ) = 2q
♮(X, f). Hence, π1(X) has the
same property, since we have the surjection π1(Y )→ π1(X). Therefore, the assertion (2)
has been proved. 
Now, we are ready to prove Theorem 1.1, which is a consequence of Theorems 3.2 and
3.4, Proposition 3.5, and Lemmas 4.1 and 4.4.
Proof of Theorem 1.1. If X is not uniruled, then it is proved in Theorems 3.2 and 3.4,
and Proposition 3.5. Thus, we may assume that X is uniruled. We apply Lemma 4.1 to
the polarized endomorphism f : X → X . Let σ : W → X , p : W → Y , fW : W →W , and
fY : Y → Y be the same objects as in Lemma 4.1. Then Y has only canonical singularities
andKY ∼Q 0 by Theorem 3.2. Moreover, by Proposition 3.5, there exist a finite surjective
morphism A × S → Y e´tale in codimension one from the direct product A × S for an
abelian variety A and a weak Calabi–Yau variety S, and polarized endomorphisms fA,
fS such that fA × fS : A × S → A × S is compatible with fY . Here, if dimS > 0, then
dimS ≥ 4 and S has a non-quotient singularity by Theorem 3.4.
Let Z be the normalization of the fiber product of p : W → Y and A × S → Y . Let
̟ : Z → A×S be the morphism induced from the second projection and let Z ρ−→ V τ−→ X
be the Stein factorization of Z →W σ−→ X . Then, we have a commutative diagram:
A× S ̟←−−− Z ρ−−−→ Vy
y τ
y
Y
p←−−− W σ−−−→ X.
By Lemma 4.4, the following hold:
• Z is irreducible.
• The fibration Z → A × S is equi-dimensional and is birational to the maximal
rationally connected fibration of a smooth model of Z.
• The finite surjective morphisms Z → W and V → X are e´tale in codimension
one.
• There exist polarized endomorphisms fZ : Z → Z and fV : V → V such that fV
is compatible with f and that fZ is compatible with fW , fV and fA × fS.
Let π : V ···→A × S be the rational map ̟ ◦ ρ−1. Then Z is just the normalization of
the graph Γπ of π. In particular, Γπ → A× S is equi-dimensional. Thus, the conditions
required in Theorem 1.1 are all satisfied. 
The proof of Theorem 1.3 uses the following:
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Lemma 4.7. Let Z be the normalization of the graph of π : V ···→A×S in Theorem 1.1
and let ̟ : Z → A×S be the induced equi-dimensional morphism. Suppose that dimS =
0. Then ̟ is flat, and any fiber of ̟ is irreducible, normal, and rationally connected. If
dimZ = dimA+ 1, then ̟ is a holomorphic P1-bundle.
Proof. Let V → X , Z → V , Z → A, and A→ Y be as in the proof of Theorem 1.1, where
S is a point. We may assume that dimA > 0. Let Z1 be the fiber product of ̟ : Z → A
and fA : A → A. Then the other endomorphism fZ : Z → Z induces a commutative
diagram
(*)
Z
ψ−−−→ Z1 p1−−−→ Z
̟
y p2
y ̟
y
A A
fA−−−→ A,
where p1 and p2 denote the first and second projections, and fZ = p1 ◦ ψ. Note that
p1 is e´tale, since so is fA. Thus, Z1 is also a normal projective variety and ψ is a finite
surjective morphism.
Step 1. We shall prove: If a subset Σ ⊂ A is not Zariski dense and f−1A (Σ) ⊂ Σ, then
Σ = ∅.
We shall derive a contradiction by assuming Σ 6= ∅. First, we note that f−1A (Σ) ⊂ Σ for
the Zariski-closure Σ of Σ. In fact, by assumption, we have f−1A (A\Σ) ⊃ A\Σ ⊃ A\Σ 6= ∅.
Thus, fA(A\Σ) is a Zariski-open subset contained in A\Σ, since fA is an open map. Hence
fA(A\Σ) ⊂ A\Σ, and equivalently, f−1A (Σ) ⊂ Σ. Therefore, replacing Σ with Σ, we may
assume that Σ is Zariski-closed. There is a positive integer l such that f−lA (Σ) = f
−l−1
A (Σ)
by the Noetherian condition for Zariski-closed subsets. Hence, f−1A (Σ) = Σ. Replacing
f with a power fk, we may assume that f−1A preserves every irreducible component
of Σ. Thus, we may assume that Σ is irreducible. Let fΣ : Σ → Σ be the polarized
endomorphism of Σ induced from fA. Then deg fA = q
dimA and deg fΣ = q
dimΣ for some
q > 1 by Lemma 2.1. On the other hand, deg fΣ = deg fA, since fA is e´tale. Thus,
dimΣ = dimA. This is a contradiction.
Step 2. We shall prove: Any fiber of ̟ is irreducible.
Let Σ be the set of points y ∈ A such that ̟−1(y) is reducible. Then ̟−1(y′) is
reducible for any y′ ∈ f−1A (y), since ψ in the diagram (*) is surjective. Thus, f−1A (Σ) ⊂ Σ.
Since a general fiber of ̟ is irreducible, we have Σ = ∅ by Step 1.
Step 3. We shall prove: ̟ is flat.
Let L be an ample divisor on Z such that f ∗ZL ∼ qL. Since OZ1 is a direct summand
of ψ∗OZ (cf. the first part of the proof of Lemma 4.8 below), we infer that ̟∗OZ(f ∗ZL) ≃
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̟∗OZ(qL) contains
p2∗OZ1(p∗1L) ≃ f ∗A (̟∗OZ(L))
as a direct summand. In particular, if ̟∗OZ(qL) is locally free at a point y ∈ A, then so
is ̟∗OZ(L) at fA(y). Let U be the set of points y ∈ A such that ̟ is flat along ̟−1(y).
Then U is a Zariski open dense subset. The argument above says that fA(U) ⊂ U , since
y ∈ U if and only if ̟∗OZ(mL) is locally free at y form≫ 0 (cf. [16], Proposition 7.9.14).
Thus, for the complement Σ of U in A, we have f−1A (Σ) ⊂ Σ. Then Σ = ∅ by Step 1, and
hence ̟ is flat.
Step 4. We shall prove: Any fiber of ̟ is normal.
Let Σ be the set of points y ∈ A such that the fiber Fy := ̟−1(y) is not normal.
We fix a point y ∈ Σ and a non-normal point x of Fy. For a point y′ ∈ f−1A (y), let
x′ be a point of Fy′ such that f(x
′) = x. Then, x1 := ψ(x
′) is a point of Z1 such that
{x1} = p−11 (x)∩p−12 (y′). Note that x1 is a non-normal point of p−12 (y′), since p−12 (y′) ≃ Fy.
Assume that y′ 6∈ Σ, i.e., Fy′ is normal. We have affine open neighborhoods U ′ ⊂ Z
and U1 ⊂ Z1 of x′ and x1, respectively, such that U ′ = ψ−1(U1). Thus, U ′ = SpecR′
and U1 = SpecR1 for finitely generated C-algebras R
′ and R1 such that R
′ and R1 are
normal domains, R1 is a subalgebra of R
′ and that R′ is a finite R1-module. Let I be
the ideal of R1 defining the closed subscheme U1 ∩ p−12 (y′) ≃ U1 ×A {y′}. Then, R′/IR′
is normal, since U ′ ∩ Fy′ ≃ U ′ ×A {y′} is normal. Thus, R1/I is normal by Lemma 4.8
below. Therefore, p−12 (y
′) is normal at x1. This is a contradiction. Thus, y
′ ∈ Σ. Hence,
f−1A (Σ) ⊂ Σ. Since a general fiber of ̟ is normal, we have Σ = ∅ by Step 1,
Step 5. We shall prove: Any fiber of ̟ is rationally connected.
A general fiber of ̟ is rationally connected by the construction of ̟ in the proof of
Theorem 1.1. Let Σ be the set of points y ∈ A such that the fiber Fy = ̟−1(y) is not
rationally connected. If Fy′ is rationally connected for a point y
′ ∈ f−1A (y), then Fy is
rationally connected, since Fy′ → Fy is surjective. Thus, f−1A (Σ) ⊂ Σ. Therefore, Σ = ∅
by Step 1.
Step 6. End of the proof:
Finally, we consider the case where dimZ/A = 1. Then, ̟ is flat and any fiber of ̟ is
P1 by Steps 2–5. In particular, ̟ is smooth and is a holomorphic P1-bundle. Thus, we
are done. 
The lemma below on commutative algebra is used in Step 4 of the proof of Lemma 4.7:
Lemma 4.8. Let R0 and R1 be commutative algebras finitely generated over a field k
of characteristic zero. Assume that R0 and R1 are normal integral domains, R0 is a
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k-subalgebra of R1 and that R1 is a finite R0-module. Let I be an ideal of R0 such that
R1/IR1 is normal. Then, R0/I is also normal.
Proof. Since the characteristic of k is zero, R0 is a direct summand of the R0-module R1.
This is shown as follows: Let Ki be the field of fractions of Ri for i = 0, 1. Then, K1 is
a finite extension of K0. Let t : K1 → K0 be the trace map of the extension K1/K0: for
a ∈ K1, t(a) is the trace of the multiplication map µ(a) : K1 → K1 by a. The composite
K0 → K1 t−→ K0 with the canonical inclusion K0 →֒ K1 is just the multiplication map by
deg(K1/K0) = dimK0 K1. We have t(R1) ⊂ R0, since the eigenvalues of µ(a) for a ∈ R1
are integral over R0 and since R0 is integrally closed in K0. Moreover, the map R1 → R0
induced by t, is R0-linear. Thus, R0 is a direct summand of the R0-module R1, since
deg(K1/K0) 6= 0 in k.
Therefore, the natural homomorphism
R0/I → R1 ⊗R0 (R0/I) ≃ R1/IR1
is injective and R0/I is regarded as a direct summand of R1/IR1. Since R1/IR1 is
an integral domain, so is R0/I. Let R be the normalization of R0/I. Then, R0/I ⊂
R ⊂ R1/IR1, since R1/IR1 is normal. Thus, R0/I is a direct summand of the R0/I-
module R. Let R → R0/I be a projection to the direct summand and let M be the
kernel of R → R0/I. Then, M ⊗R/I0 K = 0 for the field K of fractions of R/I0. Since
R → R ⊗R/I0 K ≃ K is injective, we have M = 0. Therefore, R/I0 ≃ R, i.e., R/I0 is
normal. 
A holomorphic P1-bundle is not necessarily associated with a locally free sheaf of rank
two. But we have the following result on holomorphic P1-bundles over abelian varieties:
Lemma 4.9. Let Z → A be a holomorphic P1-bundle over an abelian variety A. For the
multiplication map ν2 : A→ A by 2, let Z ′ → A be the P1-bundle obtained by the pullback
of Z → A by ν2. Then, there exists a locally free sheaf E of rank two on A such that
Z ′ ≃ PA(E) and det E ≃ OA.
Proof. We have an exact sequence
1→ µ2,A → SL(2,OA)→ PGL(2,OA)→ 1
of sheaves of non-commutative groups on A, where SL(2,OA) (resp. PGL(2,OA)) is the
sheaf of germs of SL(2,C)-valued (resp. PGL(2,C)-valued) holomorphic functions on A,
and µ2,A ≃ (Z/2Z)A is the constant sheaf of µ2 = {±1} ⊂ C⋆. Since µ2 is the center of
SL(2,C), we have an associated exact sequence
Hˇ1(A, SL(2,OA))→ Hˇ1(A,PGL(2,OA))→ H2(A,µ2,A)
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of the Cˇech cohomology sets. The holomorphic P1-bundle Z/A is associated with an ele-
ment of η of Hˇ1(A,PGL(2,OA)). If the image η in H2(A,µ2,A) is zero, then Z ≃ PA(E) for
a locally free sheaf E of rank two with det E ≃ OA which is associated with an element of
Hˇ1(A, SL(2,OA)). Thus, it is enough to show that η is mapped to zero by the homomor-
phism ν∗2 : H
2(A,Z/2Z) → H2(A,Z/2Z). The pullback homomorphism ν∗2 : H1(A,Z) →
H1(A,Z) is just the multiplication map by 2. Since H3(A,Z) ≃ ∧3H1(A,Z) is torsion
free, the natural sequence
H2(A,Z)
2×−→ H2(A,Z)→ H2(A,Z/2Z)→ 0
is exact; equivalently, H2(A,Z) ⊗ Z/2Z ≃ H2(A,Z/2Z). Hence, ν∗2 : H2(A,Z/2Z) →
H2(A,Z/2Z) is zero; in particular, η is mapped to zero by ν∗2 . Thus, we are done. 
Now we are ready to prove Theorem 1.3, which follows essentially from Theorems 1.1,
3.2, and 3.4, Lemmas 4.1, 4.5, and 4.7, and Corollary 4.6.
Proof of Theorem 1.3. We may assume that n = dimX > 0. We have κ(X) ≤ 0 by The-
orem 1.1. The inequality q♮(X, f) ≤ n and the assertion (2) are proved in Corollary 4.6,
(1).
We shall prove (1): Assume that q♮(X, f) = 0 and Conjecture 1.2 is true for varieties
of dimension at most n = dimX . If X is not uniruled, then X is Q-abelian by the
conjecture; thus n = q♮(X, f) = 0 by Corollary 4.6, (1). Hence X is uniruled. Let
σ : W → X and p : W → Y be as in Lemma 4.1. Since dim Y ≤ n, Y is Q-abelian by the
conjecture. On the other hand, q◦(Y ) = 0 by Lemma 4.5, (2). Thus, Y is a point. This
means that X is rationally connected.
Next, we shall prove (3) and (4): Suppose that Conjecture 1.2 is true for varieties
of dimension at most n − q♮(X, f). Let τ : V → X , ρ : Z → V , ̟ : Z → A × S, and
A×S → Y be as in the proof of Theorem 1.1. By the proof of Corollary 4.6, (2), we infer
that S is a point and q♮(X, f) = dimA. Then ̟ : Z → A is a flat morphism whose fibers
are all irreducible, normal, and rationally connected by Lemma 4.7. We have polarized
endomorphisms fV : V → V , fZ : Z → Z, and fA : A → A satisfying the compatibility
conditions in (3) by the proof of Theorem 1.1. Thus the assertion (3) follows.
Suppose that q♮(X, f) = n − 1. Then ̟ : Z → A is a holomorphic P1-bundle by
Lemma 4.7. Assume that ρ : Z → V is an isomorphism. Then, this corresponds to the
case (4a) in a weak sense. However, by replacing V by a finite e´tale covering, we can
prove that V is a P1-bundle associated with a locally free sheaf of rank two, as follows.
By Lemma 4.9, the fiber product Z ×A,ν2 A is a P1-bundle associated with a locally free
sheaf of rank two for the multiplication map ν2 : A → A by 2 with respect to a certain
group structure of A. There is an endomorphism f ′A : A→ A such that ν2 ◦ f ′A = fA ◦ ν2,
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by [39], Lemma 4.9. Thus, we may replace Z ≃ V with the e´tale covering Z ×A,ν2 A by
Lemma 4.4 (cf. the proof of Theorem 1.1).
Assume next that ρ : Z → V is not isomorphic. Let E ⊂ Z be the exceptional locus.
Then f−1Z (E) = E, since fZ is compatible with fV . Moreover, f
−1
A (̟(E)) = ̟(E), since
ψ : Z → Z1 is surjective. Thus, ̟(E) = A by Step 1 in the proof of Lemma 4.7. Let
Σ ⊂ A be the set of points y ∈ A such that ̟−1(y) ⊂ E. Then f−1A (Σ) ⊂ Σ. Hence,
Σ = ∅ by Step 1 in the proof of Lemma 4.7. Therefore, ̟|E : E → A is a finite surjective
morphism. It is enough to show that E is a section of ̟, which is equivalent to that
̟|E : E → A is bijective, since A is normal. If E is a section of ̟, then ̟ is a P1-bundle
associated with the locally free sheaf ̟∗OZ(E) of rank two.
Let P ∈ A be an arbitrary point. Then, there exists a positive-dimensional fiber Γ of
E ⊂ Z → V such that P ∈ ̟(Γ). Let C be the normalization of an irreducible curve
in ̟(Γ) passing through P and let ν : C → A be the induced finite morphism. Then,
Z×AC is a P1-bundle over C. It suffices to prove that the support of E×AC is a section
of the P1-bundle. Note that Z ×A C → Z → V is generically injective and it contracts
any irreducible component γ of E ×A C to a point. Since Z ×A C is a P1-bundle over C,
the irreducible component γ is a unique curve of Z ×A C with negative self-intersection
number and it is a section of the P1-bundle. Hence the support of E ×A C is just the
section γ. Therefore, E is a section of ̟, and the condition (4b) is satisfied. Thus, we
are done. 
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